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Central to Newton’s solution of the Kepler problem in Proposition 11 of the Principia is 
the dynamics ratio derived in Proposition 6, which is employed to find the force, given the 
orbit and the force center. A comparison of the derivation of this critical proposition as it 
appears in the third edition with the early derivation of it in the first edition reveals the 
development of Newton’s mature dynamics. In particular, there appears in the second 
edition an alternate version of the dynamics ratio in addition to the original one of the first 
edition. Revisions of both of these versions of Proposition 6 are carried forth to the third 
edition and an alternate solution to the Kepler problem of Proposition 11 is developed. I 
suggest that this alternate version provides a firmer and more fundamental basis for dy- 
namics than does the original version, and I provide a substitute derivation of Proposition 6 
and a simplified solution to the Kepler problem of Proposition 11 to defend that suggestion. 
It is a step that Newton could have taken, but it is one that he chose not to take. o 1989 
Academic Press, Inc. 
Fiir Newtons Losung des Keplerschen Problems in Satz 11 der Principia ist das 
Dynamikverhaltnis entscheidend, das in Satz 6 abgeleitet und angewendet wird, urn die 
Kraft bei gegebener Bahn und gegebenem Kraftzentrum zu finden. Ein Vergleich der Ab- 
leitung dieses wesentlichen Satzes, wie er in der dritten Auflage erscheint, mit seiner frtihen 
Ableitung in der ersten Auflage deckt die Entwicklung von Newton reifer Dynamik auf. 
Insbesondere tritt in der zweiten Auflage eine andere Version des Dynamikverhaltnisses 
zusatzlich zur ursprtinglichen der ersten Auflage auf. Beide Versionen von Satz 6 werden in 
die dritte Auflage tibemommen. Eine neue Losung des Keplerschen Problems von Satz 11 
wird abgeleitet. Meinem Vorschlag nach liefert diese neue Version eine festere und grundle- 
gendere Basis fur die Dynamik als die ursprtingliche Version. Ich gebe eine Ersatzableitung 
von Satz 6 und eine vereinfachte Losung des Keplerschen Problems von Satz 11, urn diesen 
Vorschlag zu sttitzen. Es ist ein Schritt, den Newton hatte tun konnen. Aber er entschloR 
sich, ihn nicht zu tun. 63 I989 Academic Press, Inc. 
Le rapport dynamique determine dans la proposition 6 des Principia de Newton-servant 
a trouver la force connaissant la trajectoire et le centre d’attraction-joue un role essentiel 
dans la solution du probleme de Kepler trait6 dans la proposition 11 des memes Principia. 
La comparaison entre la derivation de cette proposition-&, telle qu’elle apparait dans la 
troisieme edition de cet ouvrage et celle de la premiere edition, met en evidence le processus 
de maturation de la conception qu’avait Newton de la dynamique: dans la seconde edition 
des Principia on note, en particulier, l’adjonction d’une variante au texte concemant le rapport 
dynamique; dans la troisieme edition, on constate aussi que Newton revise a la fois le texte 
original et la variante p&it& et qu’en outre, il propose une nouvelle solution au probleme 
de Kepler de la proposition 11. En consequence, je me propose de defendre la these selon 
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laquelle cette nouvelle solution place les fondements de la dynamique sur une base plus 
solide et plus fondamentale que ne le faisait la solution initiale. Je fournis aussi a l’appui une 
autre version de la proposition 6 ainsi qu’une solution simplifiee du probleme de Kepler: 
Newton pourrait avoir procede de la sorte mais il ne l’a pas fait. CJ 1%!2 Academic Press, IIIC. 
AMS 1980 subject classification: OlA45, OlA50, 70-03. 
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INTRODUCTION 
Most of the discussion of Newton’s dynamics takes one of two forms: either a 
search for the very early foundations of his dynamics, as in Herivel’s [ 19651 book 
Z’he Background to Newton’s Principia, or an attempt to cast Newton’s dynamics 
into modern analytical terms, as in Brougham and Routh’s [ 18551 book An Analyt- 
icaZ View of Newton’s Principia. I propose to look at a level between those two 
views: that of the mature dynamics. I shall contrast the mature view of dynamics, 
as presented in the third edition of the Principia, with his early thoughts, as 
presented in the first edition, and then I shall speculate upon the next step Newton 
couZd have taken, but did not. 
Given the path of the planet, and given the fixed location of the center of force, 
Newton determines the nature of the force required to maintain the orbit. In 
Proposition 11 the path is an ellipse, and the force center is at a focus. The key to 
understanding Newton’s solution to this problem is the dynamics ratio, propor- 
tional to the force, that is developed in Proposition 6. Figure 1 is the diagram that 
accompanies Proposition 6 in the first edition of the Principia [Newton 16871. The 
“general” curve APR looks suspiciously like the path of the “distinguished” 
ellipse, the problem for which the analysis was originally intended. The force 
center is located at the point S, and the particle or planet is located at the point P. 
The line ZPR is the tangent to the general curve at the point P; the point Q is the 
location of the planet at some point beyond P; the line QL!’ is normal to the line SP; 
and the line QR is parallel to SP. 
Central to the proposition is Newton’s dynamical assumption that the deviation 
QR is proportional to the force directed toward S and to the square of the time 
required to move from P to Q (QR proportional to F and t*). Herivel [ 1964,352(8)] 
calls this dynamical assumption a major breakthrough for Newton in solving the 
problem of the elliptical orbit: 
FIG. 1. The diagram for Proposition 6 as in the first edition. 
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It was this assumption . . . which represented in company with Prop. 1 and the transition 
from centrifugal to centripetal force the real breakthrough by Newton in 1679. This breuk- 
through was dynamical rather than mathematical. 
Granted this dynamical assumption (that the deviation QR depends upon the force 
and square of the time), one need only call upon Kepler’s areal law from Proposi- 
tion 1 (that the time ? is proportional to the triangular area ($),YPQY) to obtain the 
dynamics ratio 
F proportional to QR/(,S~Q~)*. 
The question that remains unanswered, therefore, is on what basis is the dynami- 
cal assumption to be defended? 
Whiteside [ 1970, 1221 offers a very simplified and qualified “derivation” of how 
the dynamical assumption could have been obtained, without claiming that New- 
ton did it in this way. Had there been no force acting on the particle at point p, it 
would have moved along the tangent line to the point R. Since the force did act, 
the particle moved to the point Q. The point R is chosen so that the line of 
displacement QR is parallel to the line of force PX It is assumed that as Q 
approaches p, the force can be considered constant in direction and magnitude. 
Thus the displacement QR is a segment of a straight line, and the dynamical 
assumption can be obtained from the well-established rule for a displacement s 
under a linear constant acceleration, s = (J)Ff*, where F is the linear acceleration 
for a unit mass. One is left, however, with the uneasy view of two “virtual” linear 
displacements, PR and QR, neither of which actually takes place but which com- 
bine, in some unspecified fashion, to simulate, in the limit, the actual curved path 
PQ* 
Turning now to the Principiu itself, without any further speculation on the 
background that led Newton to the dynamical assumption, we simply ask how he 
defended that assumption in print. In the first edition, the statement of the dy- 
namics ratio is given as follows [Newton 1687, 441: 
If a body P in revolving around a center S shall describe any curved line APQ . . . I say that 
the centripetal force is reciprocally as the solid SP* - QT*/QR, provided that quantity of that 
solid is always taken which ultimately is made when the points P and Q coincide. 
In the rather short (eight or nine lines) defense that follows, the dependence of QR 
on the force appears to come from the second law, and the dependence of QR on 
the square of the time from Lemma 10. The latter lemma is given as follows 
[Newton 1687, 321: 
Spaces which a body describes at the urging of any regular 
beginning of motion in the duplicate ratio of the times. 
[centripetal] force are at the very 
In the third edition, which represents Newton’s most mature thought, the defense 
of the dynamical assumption by Lemma 10 is relegated to a secondary position, 
and one finds reference to a more complicated defense in Lemma 11. The dy- 
namics ratio QR/SP* . QT* then appears as the first of five corollaries; the dis- 
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placement QR appears as the “versed sine of the arc”; and its dependence upon 
the square of the time, the dynamical assumption, is no longer attributed to 
Lemma 10, which remains essentially as it was in the first edition, but to Lemma 
11 instead. Further, there is no reference in Lemma 11 to Lemma 10. Newton has 
switched the primary reference in Proposition 6 from Lemma 10 to Lemma 11 so 
as to provide a more fundamental defense of the dynamical assumption. It is not a 
revision for ease of exposition, because he states in Proposition 6 [Newton 1727, 
481 that “the same thing (the square of the time) may also be easily demonstrated 
by Cor.4, Lem. 10.” But the “easy” demonstration of Lemma 10 has given way to 
the more “sophisticated” demonstration of Lemma 11. 
Lemma 11 is concerned with the osculating circle at a point on a general curve. 
On the basis of the existence of a finite radius of curvature, Newton [1727, 361 
develops a relationship between the “subtense,” to become the displacement QR, 
and square of the “conterminous arc,” to become the time. But the dependence of 
the arc on the time is assumed without reference to Lemma 10 or anything else. 
Corollary 3, Proposition 6, simply states [Newton 1727, 371 that “a body will 
describe the arc with a given velocity.” What Newton has done, in effect, is to 
replace, in the limit as Q approaches p, the element of the general curve with an 
element of a circular arc. Moreover, the body is assumed to move uniformly along 
that circular arc. But nowhere is this assumption of uniform circular motion 
explicitly defended or even clearly stated. 
Returning to Proposition 6, Newton [1727, 481 proceeds on the basis of the 
versed sine QR “in a given time as the force (by Cor.4, Prop. 1)” (Kepler’s area1 
law) and “in the square of that ratio (by Cor.2 and Cor.3, Lem.ll).” In the first 
corollary he obtains the dynamics ratio for the force, QR/W2 - QT2. Thus the 
reader who approaches the fundamental Proposition 6 in the third edition for the 
first time may well miss Newton’s use of uniform circular motion in his derivation 
of the dynamics ratio. It is there, but it is hidden beneath the mathematical 
apparatus of Lemma 11. 
THE “ALTERNATE” DYNAMICS RATIO 
In contrast to the first edition, however, Newton proceeds to derive in the 
second and third editions an alternate second ratio from which the force may be 
obtained [Newton 1727, 491: 
COR.~, PROP 6. If the orbit is either a circle, or touches or cuts a circle concentrically, that is, 
contains with a circle the least angle of contact or section having the same curvature and the 
same radius of curvature at the point P; and if PV be a chord of this circle, drawn from the 
body through the centre of force; the centripetal force will be inversely as the solid SY2 - PV. 
This alternate dynamics ratio is derived by Newton directly from the original ratio 
in Corollary 1, Proposition 6. In this sense, then, the alternate ratio derives 
directly from the linear assumption associated with the virtual displacement QR 
(despite the osculating circle of Lemma 11). And often it is ignored or seen to be 
simply an extension of the existing basic linear dynamics. Westfall [1980, 1061, in 
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FIG. 2. The diagram for Proposition 6 as in the third edition. 
his discussion of the Principiu, refers only to the original ratio, which he says 
“corresponds to Galileo’s formula for [linear] uniformly accelerated motion.” In a 
footnote following that statement, Westfall [ 1980, 106(4)] does refer to the circle of 
curvature, but this reference is not developed, nor is the alternate ratio ever 
mentioned. But he is not alone in ignoring this alternate analysis, for many (myself 
included) have overlooked it in the struggle to understand the original dynamics 
ratio. It is discussed in considerable detail, however, by Whiteside [1974, 120(59), 
130(86), 146(142), 54%550(25)] and, before him, by Brougham and Routh [1855, 
43-481 and others. 
It is the central thesis of this paper, nevertheless, that this alternate ratio holds 
the key to Newton’s mature dynamics. Further, it is possible to obtain the alter- 
nate form of the dynamics ratio found in Proposition 6 in a rather simple and direct 
fashion. Figure 2 is Newton’s revised diagram for Proposition 6 in the third edition 
[Newton 1927,481. The change consists of the addition of the line S Y, constructed 
normal to the tangent line PR and the extension of the line from P through the 
force center S to the point V. The line PSV, Newton states, is a chord of the 
osculating circle of the curve at point P. Despite this clear statement of the source 
of the point V, it does not have the immediate intuitive dynamical appeal to the 
reader that the displacement QR presents. 
Figure 3 is my revision of Newton’s diagram in which the osculating circle, 
PVX, and its center, 0, are shown explicitly. Now the source and utility of the 
point V become clear. Moreover, the displacement QR has been removed and the 
centripetal force Fs, which is directed toward the force center S, is shown with its 
projection on the radius of the osculating circle, Fo, which is directed toward the 
center of that circle. At the point P, the osculating circle shares the position, the 
tangent, and the curvature with the general curve. At that point the force Fs can be 
thought of in terms of two components: one along and one normal to the tangent 
PR. The normal component is the centripetal force F. that provides the momen- 
tary equivalent uniform circular motion. The alternate dynamics ratio of Corollary 
3, Proposition 6, may be obtained as follows: 
Fs = F&OS /? (from the diagram) W 
cos p = PVl2PO (property of a circle) W9 
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FIG. 3. A reconstruction of the diagram for Proposition 6 with the osculating circle and force 
diagram. 
FL = V~IPO (Cor. 1, Prop.4; uniform circular motion) w 
v = <klSY, (Cor. 1, Prop. 1; area1 law), WJ 
where fi is a constant of proportionality. Thus the expression for the force, FS, is 
given as 
FS = 2klSY2 . PV, (W 
or in terms of the alternate dynamics ratio, the force is inversely proportional to 
SY2 . PV, which is Corollary 3, Proposition 6. 
This derivation of the alternate dynamics ratio is the next step that Newton 
cozdd have taken, but did not; a step that is a major advance in the development of 
dynamics. Note that this derivation is, in effect, the reverse of that employed by 
Newton in the third edition of the Principia. The resolution of forces relates to 
Proposition 7, in which Newton [1727, 49-511 considers a body moving on the 
circumference of a circle and obtains the ratio of forces directed to two different 
centers within the circle. The alternate dynamics ratio is obtained directly from 
the assumption that motion at a point on a general path with finite curvature is 
identical to uniform circular motion at the same point on its osculating circle. In 
the immediate vicinity of any given point, one simply replaces motion along the 
arc of the orbit by uniform circular motion along the arc of the osculating circle at 
that point. The unknown orbital force, FS, is given by the known circular force (FO 
= v2/PO) and the angle between the two forces (from the geometry of the orbit). 
Moreover, the solution to Propositions 10 and 11 can be reworked in an equally 
simple form. 
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FIG. 4. The diagram for Proposition 10 as in the third edition. 
SIMPLIFIED SOLUTION FOR THE KEPLER PROBLEM 
Preliminary to presenting his solution in Proposition 11 to the problem of ellipti- 
cal motion with the force center at the focus of the ellipse, the “dignified” Kepler 
problem, Newton addresses in Proposition 10 the problem of elliptical motion 
with the force center at the center of the ellipse. Figure 4 is based on the diagram 
that appears in the third edition for Proposition 10 [Newton 1727, 531, where the 
lines DK and PG are the conjugate diameters. Thus DK is parallel to the tangent 
WZ and W is constructed normal to it. The diagram contains the points p and V 
needed to define the chord PV. But the point S (now identical with the point C) 
and the point Y (it would fall on the tangent between p and R) needed to define the 
line Ys are not shown explicitly. The line W, however, serves the same role in 
this diagram as does the line SY in Proposition 6. The force may be obtained by 
reference to the alternate dynamics ratio in Corollary 3, Proposition 6, as fol- 
lows: 
SY=PF (DK parallel to PR and perpendicular to PF) 
PV = 2CD21PC (PV is the chord of an osculating circle through 
the center of an ellipse) CW 
PF l CD = CA . C’B = constant circumscribed area. w 
Substituting directly into the expression for the force derived in Eq. (le), one 
obtains the relationship 
Fc = 2klSY2 - PV = kl(CA - CB/CD)2(CD2/PC) = (k/AREA2) - PC. 
Thus the force, Fc , directed toward the center of the ellipse, C, is directly propor- 
tional to the distance PC, because the area is constant for any given ellipse. 
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FIG. 5. The diagram for Proposition 11 as in the third edition. 
Newton’s alternate proof for Proposition 10 is similar to this proof. It explicitly 
calls upon the alternate dynamics ratio (Corollary 3, Proposition 6) and it derives 
the property of the ellipse given in Eq. (2b). 
Figure 5 is based on the diagram that appears in the third edition for Proposition 
11 [Newton 1727,56J, the “dignified” Kepler problem. Although minor variations 
occur in this diagram in subsequent editions [Brackenridge 1985, 70-721, the 
elements relevant to the current discussion remain unchanged. As in the diagram 
for Proposition 10, the lines DK and PG are the conjugate diameters and the line 
W is constructed normal to the tangent WZ. Newton’s diagram for this proposi- 
tion shows neither the chord PV nor the perpendicular SY [ 11. Further, there is no 
explicit reference to the alternate dynamics ratio. It is there implicity, however, 
because his proof refers to Corollary 1, Proposition 10, which in turn follows 
directly from the alternate proof in Proposition 10 containing the alternate dy- 
namics ratio. Except for that implicit similarity, Newton’s alternate proof in Prop- 
osition 11 appears to bear little resemblance to the simplified one presented below. 
Figure 6 is my revised diagram for Proposition 11 showing only those items 
necessary for a solution employing the alternate dynamics ratio from Corollary 3, 
Proposition 6. It contains the normal to the tangent SY, the osculating circle 
PXV’, and the chord of that circle PV’; the point Q has been removed. The force 
may be obtained from the alternate dynamics ratio as follows: 
SY = SP(PFfPE) (triangles YSP and FPE similar) Vd 
PV’ = 2CD21PE (PV’ is the chord of an osculating circle through the 
focus of an ellipse) WI 
L. = 2(CB2/CA) = constant latus rectum. (3d 
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FIG. 6. A reconstruction of the diagram for Proposition 11 with the osculating circle, the chord PV, 
and the normal YS. 
Substituting directly into the expression for the force derived in Eq. (le), one 
obtains the relationship 
Fs = 2klSY2 . PV’ = k/(SP . PF/PE)2(CD2/PE) = kt(PF . CD/PE)2 . SP2, 
Noting that PE = CA = semimajor axis of the ellipse and, from the circumscribed 
area of the ellipse (Eq. (2c)), that PF = (CA . CB)/CD, one can write the dynamics 
ratio for the force as 
Fs = ki(CB2/CA) . SP2 = (2k/L) . SP-2. 
Thus the force, Fs, directed to the focus S is inversely proportional to the square 
of the distance SP, because the latus rectum L is a constant for any given ellipse. 
The property of the ellipse given in Eq. (3b) does not appear in Newton’s solution 
for Proposition 11 as did its counterpart in Eq. (2b) for Proposition 10. Both may 
be obtained, as Frost demonstrates [ 1854, 95-961, in much the same way [2]. 
CONCLUSION 
Thus the derivation of the alternate dynamics ratio (Eq. (1)) not only provides a 
major advance in the basic dynamics but also suggests a simplified solution for the 
“distinguished” Kepler problem of Proposition 11. It is a step that Newton did not 
take, however, even though all the necessary relationships were available to him 
in the third edition. But even in its potential form, this solution demonstrates how 
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far Newton’s mature dynamics had developed from its early struggles with virtual 
linear displacements. Why he did not reverse the order of the derivation and then 
go on to make the alternate dynamics ratio the primary ratio remains a question. 
Perhaps a return to uniform circular motion as fundamental would have appeared 
as a regression to the Platonic and scholastic tradition of celestial circularity. In 
any event, Newton chose not to take that step. 
NOTES 
1. The normal S Y does appear in the diagram for Proposition 11 in the first edition, although the 
alternate dynamics ratio was not introduced until the second edition. The normal SY is not employed in 
the proof of Proposition 11, however, and its appearance is explained when one notes that the identical 
diagram is employed for Propositions 10, 11, and 16. And it is in the latter, and not the former, in which 
YS is employed. Thus its appearance in the first edition has no direct relationship to the alternate 
dynamics ratio. 
2. Newton produced yet another solution for Propositions 10, 11, 12, and 13 but it never appeared in 
print. In what Whiteside calls “more radical restructuring,” Newton proposed in the early 1690s to 
revise the entire logical and expository framework of this dynamical section of the Principiu. In all 
three published editions, Lemma 12 makes a simple statement concerning parallelograms in a given 
ellipse. In a proposed drastic revision of Lemma 12, however, Newton develops the relationships that 
I present above as Eqs. (2b) and (3b). Further, in a new Proposition 10 he applies these results to the 
general conic. “Let a body move in the perimeter of the conic PQ: there is required the centripetal 
force tending to any given point S” [Whiteside 1974, 583-5891. The alternate dynamics ratio is the 
measure of the force and the general solution is applied to Corollary 1 to a force directed to the conic 
center and in Corollary 2 to a force directed to the conic focus. 
REFERENCES 
Brackenridge, J. B. 1985. The defective diagram as an analytical device in Newton’s Principiu. In 
Religion, science, und worlduiew, M. J. Osler & P. L. Farber, Eds., pp. 61-93. London: Cam- 
bridge Univ. Press. 
Brougham, H., and Routh, E. J. 1855. Anulyticul uiew of Sir Zsuuc Newton’s “Principiu.” London: 
Longman. All page references are to the modern reprint, New York: Johnson Reprint Corp., 1972. 
Frost, P. 1854. Newton’s “Principiu,” First Book, Sections Z, ZZ, ZZZ. Cambridge. All page references 
are to the fourth edition, London: Macmillan & Co., 1883. 
Herivel, J. 1964. Newton’s first solution to the problem of Kepler motion. British Journul for the 
History of Science 2, 350-354. 
- 1965. The buckground to Newton’s “Principiu.” London: Oxford Univ. Press. 
Newton, I. 1687. Philosophiue nuturulis Principiu Muthemuticu. London: Joseph Streater. All page 
references are to the modem reprint, London: Dawsons of Pall Mall, 1968. 
- 1727. The muthemuticul principles of nuturul philosophy. London: William & John Innys. All 
page references are from the English paperback edition, originally translated by A. Motte (1729) 
with revisions by F. Cajori (1934), Berkeley: Univ. of California Press, 1971. 
Westfall, R. S. 1980. Neuer ut rest. Cambridge: Cambridge Univ. Press. 
Whiteside, D. T. 1970. The mathematical principles underlying Newton’s Principiu Muthemuticu. 
Journul of the History of Astronomy 1, 116-138. 
- 1974. The muthemuticul pupers of Zsuuc Newton: 1684-1691, VI. Cambridge: Cambridge Univ. 
Press. 
